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Function 


A function of one independent variable is a relation in the 
form y = f(x) such that there exists one and only one value of 
y in the range of f for each real number x in the domain of f. 
The variable y is called the dependent variable. 
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An implicit function is a function in which both dependent- 
and independent variables appear on the same side. 


An explicit function is one where the dependent variable is on 
the left hand side-, and the independent variable on the right 
hand side of the equation. 
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Polynomial 


One’ +...+ajx+ag 


Polynomial equation 


Ont’ +...+tajx+aqg=0 


Quadratic equation 


ax? + bz +ce=—0 


7 —b+ Vb? — 4ac 


2a 


ab 
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Definition of limits 


If f(a) is a function which draws closer to a unique finite real 
number / for all values of x as the latter draws closer to a, but 
x # a, then / is called the limit of f(a) as x approaches a. In 
notation this is, 


lim f(a) =1 


na 
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Definition of limits 


For a function f(x), limps f(~) = | if and only if for every 
« > 0, there exists 6 > 0 such that |f(x) — 1] < € whenever 
0< |x—al <6. 
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Rules of limits 


limk—=k 


La 


lim «” =a 
ra 


lim kf(x) = A lim f(a) 


him [f() + g(2r)] = lim f(r) + lim g(x) 


La 


n 
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lim [f(2) - g(v)] = lim f(z) + lim g(x) 
lim Fal — limg-sa f(z) 


cok te alee provided that lim g(x) £0 


g(z) 
nr 

. nN __ . ° 

lim |f(a)]" = lim f(2)| , provided that n > 0 


ra 
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Definition of a derivative 


Let y = f(a). Then, the derivative of y with respect to x is, 
f —f 
dy 4 fle +h) ~ f(x) 


dx h-50 h 
The various notations for the derivative include 


df(z) df 
dx 7 dx’ 


f(z), y’, Dy and D(f(z)) 
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General rules of differentiation 


Let u, v and w are functions of x, and c is a constant. 
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d d 
—(cu) = — 


dx dx 
d du du 


7, (ur) — Ua + va. 
du 


(uvw) = uv — tuw— + ow — 


dx dx dx 
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Laws of exponents 


Let p and q be real numbers, a and 6 positive numbers, and 
m and n positive integers. Then, 


GP ng i Ger" 


a? _ pd 
qd 
(a?)4 — QP 


a° = 1, provided that a 4 0 
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w/a = a 
7am = an 
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Laws of logarithms 


log, mn = log,m + log, n 


log, da log, m — log, n 
n 
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global maximum 
Wropesas 


oe 


global minimum 
(a) (b) 


Figure 1. (a) global maximum-, and (b) global minimum 
points of a function. 
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y=0 
y’ 9 < O 


local maximum 


Ea 


local minimum 
y =0 
y’>0 
Figure 2. Local minimum- and local maximum points of a 
function. 
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concave up 


curves down 


y’> @) 


y <0 


concave down 


curves up 


(a) (b) 


Figure 3. The two curvature types, namely (a) concave up 
(y"” > 0) and, (b) concave down (y"” < 0). 
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y’>0O 
y’<0 y’>0 y’>0 y <0 
y’< 0 


(a) (b) 


Figure 4. The four possible curvatures in two dimensions, 
considering both y’ and y", (a) y” > 0 and, (b) y” <0. 
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Figure 5. Inflection points, where y” = 0, (a) with y"" 
increasing and, (b) with y” decreasing. 
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ye y’=0 


y’’<0 


(a) (b) 


Figure 6. Stationary inflection points, where both y’ = 0 
and y” = 0, (a) with y” increasing and, (b) with y" de- 
creasing. 
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Figure 7 shows a plot of the case where a = 1, b= 2, c= 3 
and d = 4. 


y = ax? + bax? + cx +d, where a=1,b=2,c =3 andd=4 
T is T T T T 


Figure 7. The cubic function y = x? + 2a* + 3a 4+ 4. 
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Figure 8 shows the case wherea = 1,b)=5,c=4 andd=3 


y = ax? 4+ ba? + ca +d, where a=1,b=5,c=4andd=3 
T T i T T 


Figure 8. The cubic function y = 2° + 5a* + 4x +3. 
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(x — a)(y — b) =c, where a= 1, b =2 andc=3 
10 T T T T T 
'| 
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Figure 9. The hyperbolic function (a — 1)(y — 2) = 3. 
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The general demand function is of the form 


dd = f(p, ¥, Ps, Pc; ta, a, oe ) 


where qy is the quantity demand of good x, p the price of x, y 
the income of the consumer, ps the price of substitute goods, pe 
the price of complementary goods, tg the taste or fashion of the 
consumer, and a the advertisement level. 
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In its simplest case where all other factors are constant, the 
demand equation takes the form 


Pp—C\ — C2dd 


where p is the price-, while gg the quantity demanded of the 
good x, and cy, and cp are positive constants. 
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The general supply function is of the form 


ds a f(p, C,P0; te, 1, O, wee * 


where gs is the quantity supplied of good x, p the price of x, 
c the cost of production, po the price of other goods, te the 
available technology, n the number of producers in the market, 
and o other factors, for example tax and subsidies. 
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The simplified relation for the supply is 
p=Cl + C2qs 


where gz is the quantity of x supplied, and c, and co are positive 
constants. 
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Definition 1. ‘The total cost c+ comprises a fixed cost and a 
variable cost, that is 


Ce = Cf tr ly 


The total revenue r+ is price times output, 


rt = Pd 
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Definition 2. The marginal cost cm is the change in total cost 
caused by the production of an additional unit. 


The marginal revenue rm 1s the change in total revenue coming 
from the sale of an extra good. In other words, 


where g is the output. 
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Definition 3. ‘The average cost cq is the total cost per unit 
output, 


Cg = — 


qd 


The average revenue rq is the total revenue per unit output, 


Tq = 
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From Definition 1, r¢ = pq, and from Definition 3, r+ = raq, 
therefore 


P= TG 


From Definition 3, cq = a and from Definition 1, cq = cf+ cv. 
Therefore 
Ca — Caf + Cav 


where the average fixed cost cgf = A and the average variable 


cost Cav — a 


Business mathematics, Graph and derivative, 25°” October 2005 -31- From 21%’ October 2005 , as of 18°” November, 2005 


Kit Tyabandha, PhD Department of Mathematics, Mahidol University 


Procedure 1. Yotal-, average-, and marginal graphs 


Given: c(x) 


C 
Ca <5 
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for each f € {G, Ca, Cn} do 
find the critical values x, for jf’ = 0 
find f” 
n~< |x,| 
for 1=1 to n do 
if f(x‘) > 0 then 
f(a) is convex and is the relative minimum of f 
elseif f"(x°) < 0 then 
f(x‘) is concave and is the relative maximum of f 


t 


endif 
endfor 
find inflection points x, from f” = 0 
endfor 
plot c(x), then c,(a) and ¢,,(x) 
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The relationship between input and output is called a produc- 
tion function, 


Go ECL hy 1 ot ea ce; — .) 


where / is labour, k phical capital such as buildings and ma- 
chines, r raw materials, te technology, s land, and e enterprise. 
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Assuming a short period of time, then / becomes the only 
independent variable and the other remaining factors are pa- 
rameters, that is fixed, and therefore q = f(I). 


Then the marginal product of labour is 
_ dg 


and the average product of labour is 
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The marginal propensity to consume 18 Pem = se. 


The marginal propensity to save iS Pgm = se. 


The average propensity to consume 18 Peq = i 


The average propensity to save iS Psq = 7 


Here y is the income, c the consumption, and s the saving. 
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The profit is 
T=1Tt— Ch 


At the break-even point 


that is 
Tt = Cf 
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